Abstract. We study the space of pseudo-holomorphic spheres in compact symplectic manifolds with convex boundary. We show that the theory of GromovWitten invariants can be extended to the class of semi-positive manifolds with convex boundary. This leads to a deformation of intersection products on the absolute and relative singular homologies. As a result, absolute and relative quantum homology algebras are defined analogously to the case of closed symplectic manifolds. In addition, we prove the Poincaré-Lefschetz duality for the absolute and relative quantum homology algebras.
1. Introduction and results.
History and motivation.
The celebrated work of Gromov [7] opened the era of invariants of a symplectic manifold based on the counting of pseudo-holomorphic curves in it. The first example of such invariants, now called the Gromov invariant, was defined by Gromov itself in the same paper [7] , which led to the proof of the famous Gromov's non-squeezing theorem: The symplectic ball of radius r can not be symplectically embedded into the cylinder B 2 R × C n for R < r. More subtle invariants, now known under the name of Gromov-Witten (GW) invariants, appeared later in physics as correlation functions in Wittens topological sigma models [17] , and were put on a solid mathematical basis by Ruan and Tian in [14] , [15] . See also [11] , [12] . One of the consequences of GW invariants is the theory of quantum homology of a symplectic manifold, i.e. the deformation of the intersection product in its ordinary homology. Historically, these kinds of structures were considered in the case of closed (semi-positive) symplectic manifolds.
The purpose of this paper is to extend the theory of Gromov-Witten invariants and quantum homology to the class of semi-positive convex compact symplectic manifolds. Definition 1.1. (cf. [6] , [9] , [12] ) The boundary ∂M is called convex if there exists a Liouville vector field X (i.e. L X ω = dι X ω = ω), which is defined in the neighborhood of ∂M and which is everywhere transverse to ∂M , pointing outwards; equivalently, there exists a 1-form α on ∂M such that dα = ω | ∂M and such that α ∧ (dα) n−1 is a volume form inducing the boundary orientation of ∂M ⊂ M . Therefore, (∂M, ker α) is a contact manifold, and that is why a convex boundary is also called of a contact type.
A compact symplectic manifold (M, ω) with non-empty boundary ∂M is convex if ∂M is convex.
A non-compact symplectic manifold (M, ω) is convex if there exists an increasing sequence of compact convex submanifolds M i ⊂ M exhausting M , that is, 
The minimal Chern number N satisfies N ≥ n − 2.
1.3.
Main results and the structure of the paper. Throughout the paper we consider a semi-positive convex compact symplectic manifold (M, ω). We shall always work over the base field F, which is either
In Section 2 we analyze the moduli spaces of pseudo-holomorphic spheres in M . We show that due to the convexity and the semi-positivity, such moduli spaces are well defined and generically they are smooth orientable manifolds.
In Section 3 we develop the following notion of genus zero Gromov-Witten invariant relative to the boundary. Let us fix a finite number of pairwise distinct marked points z := (z 1 , . . . , z m ) ∈ (S 2 ) m . For every integer p ∈ {0, 1, . . . , m} we define the genus zero Gromov-Witten invariant GW A,p,m relative to the boundary as a m-linear (over F) map GW A,p,m : H * (M ; F)
×p × H * (M, ∂M ; F) ×(m−p) → F, which roughly speaking counts the following geometric configurations. If F = Z 2 , choose smooth cycles f i : V i → M representing classes a i ∈ H * (M ; Z 2 ) for every i = 1, . . . , p, and choose relative smooth cycles f j : (V j , ∂V j ) → (M, ∂M ) representing classes a j ∈ H * (M, ∂M ; Z 2 ) for every j = p + 1, . . . , m, such that all the maps are in general position. Then GW A,p,m (a 1 , . . . , a m ) counts the parity of J-holomorphic spheres in class A ∈ H S 2 (M ), such that z i is mapped to f i (V i ) for every i = 1, . . . , p, and z j is mapped to f j (V j ∂V j ) for every j = p + 1, . . . , m. Now, let F = Q. For non-zero a i ∈ H * (M ; Q), i = 1, . . . , p, there exist nonzero r i ∈ Q and smooth cycles f i : V i → M representing r i a i , and for non-zero a j ∈ H * (M, ∂M ; Q), j = p + 1, . . . , m, there exist non-zero r j ∈ Q and relative smooth cycles f j : (V j , ∂V j ) → (M, ∂M ) representing r j a j , such that all the maps are in general position. Then the invariant GW A,p,m (r 1 a 1 , . . . , r m a m ) counts the algebraic number of J-holomorphic spheres in class A ∈ H S 2 (M ), such that z i is mapped to f i (V i ) for every i = 1, . . . , p, and z j is mapped to f j (V j ∂V j ) for every
In section 4 we use the Gromov-Witten invariants GW A,p,m to deform the classical intersection products • i , i = 1, 2, 3; cf. Definition 3.8. These deformations give rise to the absolute (that is H * (M ; F)⊗ F Λ) and the relative (that is H * (M, ∂M ; F)⊗ F Λ) quantum homology algebras of (M, ω), where Λ is the appropriate Novikov ring. We prove the Poincaré-Lefschetz duality for the absolute and relative quantum homology algebras. Finally, we compute the quantum homology algebras for some manifolds (M, ω).
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2. J-holomorphic curves in semi-positive convex compact symplectic manifolds.
2.1. J-holomorphic curves near a convex boundary. Let (M, ω) be a 2n-dimensional compact semi-positive convex symplectic manifold and J ∈ J (M, ω) is an ω-compatible almost complex structure. In addition, let (Σ, j Σ ) be a closed Riemann surface with its standard complex structure j Σ .
Definition 2.1. A J-holomorphic curve is a smooth map u : Σ → M such that
The following important lemmas show that J-holomorphic spheres for a suitable J are bounded away from the boundary, i.e., they lie in the complement of some open neighborhood of ∂M . • For all x ∈ ∂M and for all v ∈ T x ∂M we have
• ∂M = f −1 ({0}).
• There exists a collar neighborhood W ∼ = (−ε, 0] × ∂M of the boundary for some ε > 0, which depends on the Liouville vector field
Such an almost complex structure J is said to be adapted to the boundary or contact, and such a function f is called plurisubharmonic. The set of ω-compatible almost complex structures that are adapted to the boundary will be denoted by Let (M, ω) be a 2n-dimensional compact convex symplectic manifold. Then the set J (M, ∂M, ω) of ω-compatible almost complex structures that are adapted to the boundary is non-empty and connected.
The next lemma (see also [12, Lemma 9.2.9] ) and its corollaries are crucial for the study of J-holomorphic spheres. Let us denote by ∆ := ∂ 
Let (M, ω) be a compact convex symplectic manifold. We have the following 
On can also consider the solutions of the perturbed Cauchy-Riemann equation
where an inhomogeneous term ν(u) ∈ Ω 0,1
is Hamiltonian with compact support. Recall, if (M, ω) is a symplectic manifold and H ∈ C ∞ (M ) is a smooth function on M , called a Hamiltonian, one defines the smooth vector field X H ∈ Γ(M, T M ) on M by the formula
Such a vector field is called a Hamiltonian vector field, and the space of Hamiltonian vector fields on M will be denoted by Γ Ham (M, T M ).
Let (M, ω) be a compact convex symplectic manifold. Denote by C ∞ c (M ) ⊆ C ∞ (M ) the space of compactly supported Hamiltonians, i.e.,
Suppose we have a 1-form
on W , where the pair (f, J), satisfies the conditions of Lemma 2.2. Suppose that
Due to Gromov, one can view a perturbed (J, H )-holomorphic curve
where the almost complex structure J on M is given by
We have that the projection
is J, j Σ -holomorphic and for each z ∈ Σ, the fibre 
2.2.
Moduli spaces of J-holomorphic spheres. Let (M, ω) be a 2n-dimensional semi-positive compact convex symplectic manifold and let J ∈ J (M, ∂M, ω). From the above discussion it follows that one can repeat verbatim the construction of moduli spaces of (perturbed) J-holomorphic spheres. The complete proves can be found in [12, Chapter 3] . Let us just restate the central results.
Recall that a smooth map u : It carries a canonical orientation. For different regular almost complex structures, the moduli spaces are oriented cobordant.
It follows from [12, Proposition 2.5.1]) that the group of Möbius transformations
In particular, it is empty whenever I c (A) < 3 − n.
In order to deal with multiply covered spheres one can consider moduli spaces of perturbed J-holomorphic spheres. In the closed case it was done by Y. Ruan in [14, Section 3] . A similar construction can be found in the monograph [12, Chapter 8] . We shall consider the Hamiltonian perturbations with compact support. For any almost complex structure J ∈ J (M, ∂M, ω), any Hamiltonian perturbation 
It carries a canonical orientation. Moreover, for a generic (in the Baire categorical sense) path
and with boundary
where the minus sign denotes the reversed orientation.
Let us fix a finite number of pairwise distinct points z := (z 1 , . . . , z m ) ∈ (S 2 ) m . We can consider well-defined evaluation maps
3. Genus zero Gromov-Witten invariants relative to the boundary.
3.1.
Interior pseudocycles and oriented bordisms. Let X be a smooth compact n-dimensional manifold with boundary ∂X or more generally compact manifold with corners. We shall deal only with the simplest case of manifolds with corners, namely the product of compact manifolds with boundary. As usual,
• X := X ∂X denotes the interior of X.
Interior pseudocycles.
Definition 3.1. An arbitrary subset B ⊆ X is said to be of dimension at most d if it is contained in the image of a map g : W → X, which is defined on a manifold W whose components have dimension less than or equal to d. In this case we write dim B ≤ d.
compact subset of V . This set is called the (omega) limit set of f .
We have the following elementary properties of pseudocycles.
(i) A point x lies in Ω f if and only if x is the limit point of a sequence {f (v n )} n∈N , where {v n } n∈N has no convergent subsequence.
3.1.2. Index of intersection. Suppose that X is a smooth compact manifold with boundary ∂X. Let e : U → X m be an interior pseudocycle in X m , for some m ∈ N. In addition, let f i : V i → X be a smooth singular manifold in X for i = 1, . . . , p and let f j : (V j , ∂V j ) → (X, ∂X) be a smooth singular manifold in (X, ∂X), for j = p + 1, . . . , m, where p ∈ {0, . . . , m}. Then
is a smooth map of manifolds with corners, such that f ∂
. In this case we would like to define the index of intersection e · F f of these two "cycles". So we need some notion of transversality. V i → X m be two maps as above. We say that they are transverse if
We shall write classically e f .
If e f then the set
is a compact (by property 1 of Definition 3.4 ) manifold of dimension dim U + m i=1 dim V i − m dim X (by property 2 of Definition 3.4). In particular, this set is V i → X m be two maps as above, such
There exists a set Diff reg (e, f ) ⊆ (Diff(X, ∂X) ) m of the second category such that e ϕ • f for every ϕ ∈ Diff reg (e, f ). Here, Diff(X, ∂X) denotes the group of diffeomorphisms ϕ : X → X, such that ϕ| ∂X = id ∂X .
(ii) If e f then the set ∆ e,f is finite. In the non-oriented case, where the base field F is Z 2 , we define the Z 2 -valued index of intersection e · F f of e and f as e · F f = #∆ e,f ( mod 2).
In the oriented case, where the base field F is Q, we define the Z-valued index of intersection e · F f of e and f as
where I (u,v) is the classical local intersection number of e(U ) and f (V ) at e(u) = f (v). (iii) The index of intersection e · F f depends only on the bordism classes of e and of (V i , f i ) for i = 1, . . . , m.
Proof. We consider only the oriented case. The non-oriented one is proved in a similar way. The proof of statements (i) − (ii) verbatim repeats that in [12, Lemma 6.5.5]. For the statement (iii), suppose first that e is interiorly bordant to the empty set, and E : W → X m is a corresponding bordism. By the standard argument on the general position in differential topology this bordism can be chosen to be transversal to f in the sense of Definition 3.4. Condition 1 in Definition 3.4 follows from the inequality dim Ω E ≤ dim U − 1 that implies
Hence, the set
is a compact oriented 1-dimensional manifold with boundary ∂∆ E,f = ∆ e,f . Thus e · F f = 0. Secondly, suppose that [V 1 , f 1 ] = 0 with a corresponding bordism F 1 : W 1 → X and put
Then F is a smooth map of manifolds with corners, such that
and, as above, we can choose this bordism to be transversal to e in the sense of Definition 3.4. Condition 1 in Definition 3.4 follows from the inequality
is a compact oriented 1-dimensional manifold with boundary ∂∆ e,F = ∆ e,f . Thus e · F f = 0. The same argument shows that e · F f does not depend on (V i , f i ) for i = 2, . . . , m.
As a consequence, every interior pseudocycle e : U → X m determines a well defined m-linear map
where Ω * (X; F), Ω * (X, ∂X; F) are the classical Thom bordism groups -see [4] and [16] . Note that the homomorphism Ψ e,p depends only on the bordism class of the interior pseudocycle e.
Recall that the evaluation homomorphism
given by
is an epimorphism. In particular, the homomorphism Ψ e,p descends to a well defined homomorphism
which also depends only on the bordism class of the interior pseudocycle e.
Gromov-Witten pseudocycle.
Let us fix a finite number of pairwise distinct marked points z := (z 1 , . . . , z m ) ∈ (S 2 ) m . In the following constructions we shall consider mainly the case of m ∈ {3, 4}. where m ∈ {3, 4}. Then there exists a set
is an interior (oriented) pseudocycle of dimension 2n + 2c 1 (A). Its bordism class is independent of (J, H ) and z.
3.3.
Invariants GW A,p,m . Following [14] , [11] , [12] we shall define two types of genus zero Gromov-Witten invariants. But first, let us recall the definition of intersection products from algebraic topology. Recall that F is either Z 2 or Q. Definition 3.8. Homomorphisms (4)
are called the intersection products in homology. Here
are the Poincaré-Lefschetz duality isomorphisms given by
where [M, ∂M ] is the positive generator of H 2n (M, ∂M ; F) ∼ = F -the relative fundamental class.
Theorem-Definition 3.9. (E.g. [14] ; [15] ; [11, Chapter 7] ; [12, Chapter 7] .) Let (M, ω) be a 2n-dimensional compact convex semi-positive symplectic manifold, m ∈ {3, 4} and p ∈ {0, 1, . . . , m}. Fix pairwise distinct marked points
is well-defined and is independent of the pair (J, H ) ∈ J H reg (M, ∂M, ω, A, z) and of the tuple z of fixed marked points. Since for A = 0 the above evaluation maps are not interior pseudocycles, we define the Gromov-Witten invariants for these classes as follows. Definition 3.10. Let (M, ω) be a 2n-dimensional compact convex semi-positive symplectic manifold. Let m ∈ {3, 4} and p ∈ {0, 1, . . . , m}. If
We see that this definition correlates with the closed case and reflects the behavior of the relative intersection products.
The next properties follow immediately from the definition of the Gromov-Witten invariants, see [12, Chapter 7] ; [14] ; [15] . Proposition 3.11. Let (M, ω) be a 2n-dimensional compact convex semi-positive symplectic manifold.
(i) Let m ∈ {3, 4} and p ∈ {0, 1, . . . , m}. Following [12, Section 7.5] for each permutation σ ∈ S m and each monomial
denote by ε := ε(σ; a) := (−1)
the sign of the induced permutation on the classes of odd degree. Then
where
, such that j * (a 1 ) = 0. 3.4. Calculation of Gromov-Witten invariants. In the following examples we shall calculate the Gromov-Witten invariants over F = Q of the symplectic blowup ( X ∼ = X#CP 2 , σ δ ) of an interior point in some compact convex semi-positive symplectic manifolds (X, σ), i.e. the symplectic blow up of size δ that corresponds to a symplectic embedding 
Example 1.
Let ( B 4 , ω δ ) be the symplectic blow-up at zero of the standard unit 4-ball in (C 2 , ω 0 ) of a small size 0 < δ << 1. It is a 4-dimensional compact convex symplectic manifold equipped with an ω-compatible almost complex structure J 0 , where J 0 is the standard complex structure (multiplication by
be the class of the exceptional divisor. It can be realized by a J 0 -holomorphic embedding ι :
. A standard calculation shows that c 1 (E) = 1. In particular, the minimal Chern number N of B 4 (see Section 1.2) equals 1 and the class E satisfies condition (A 3 ), (see Section 3.2.1). Note that
Let Σ be a smooth closed surface of genus g ≥ 0 and G -a fixed Riemannian metric on Σ. Consider the cotangent unit disk bundle X := DT * Σ w.r.t. G equipped with the canonical symplectic form ω can := dλ can . The metric G induces a horizontalvertical splitting of T T * Σ G ∼ = T Σ⊕T * Σ and as a result, it induces an ω can -compatible almost complex structure J G on X, which in the horizontal-vertical splitting takes the form
Let ( X, ω δ ) be the symplectic blow-up of X of a sufficiently small size 0 < δ << 1, so that the corresponding symplectic δ-ball lies in
• X and doesn't intersect the zero section Σ of X. Then ( X, ω δ ) is a 4-dimensional compact convex symplectic manifold equipped with an ω δ -compatible almost complex structure J G . Let E ∈ H 2 ( X; Q) be the class of the exceptional divisor. It is realized by a J G -holomorphic embedding ι : CP 1 → X and ω δ (E) = δ. The minimal Chern number N of X equals 1, and the class E satisfies condition (A 3 ). We also have (14)
Denote by [F ] ∈ H 2 (X, ∂X; Q) the class of the fiber F ∼ = D 2 of the fibration
In addition, we have is empty for any regular J ∈ J reg (dE). As a result, the only non-zero invariants on the basic classes are (17)
Quantum homology
Let (M, ω) be a 2n-dimensional compact convex semi-positive symplectic manifold. Following [12, Chapter 11] we use the Gromov-Witten invariants GW A,p,m to deform the classical intersection products • i , i = 1, 2, 3; cf. Definition 3.8. These deformations give rise to new ring structures on the absolute ( that is H * (M )) and the relative (that is H * (M, ∂M )) homology algebras of (M, ω). From now on we shall consider the following Novikov ring Λ. Let
be the subgroup of half-periods of the symplectic form ω on spherical homology classes. Recall that F denotes a base field, which in our case will be either Q or Z 2 . Let s be a formal variable. Define the field K G of generalized Laurent series in s over F of the form
Let q be a formal variable. The Novikov ring Λ := Λ G is the ring of polynomials in q, q −1 with coefficients in the field K G , i.e.
We equip the ring Λ G with the structure of a graded ring by setting deg(s) = 0 and deg(q) = 1. We shall denote by Λ k the set of elements of Λ of degree k. Note that
4.1. Quantum homology. The quantum homology QH * (M ) and the relative quantum homology QH * (M, ∂M ) are defined as follows. As modules, they are graded modules over Λ defined by
A grading on both modules is given by
and for k ∈ Z the degree-k parts of QH * (M ) and of QH * (M, ∂M ) are given by
respectively. Next, we define the quantum products * i , i = 1, 2, 3, which are the deformations of the classical intersection products 
is given as follows. If a ∈ H i (M ; F) and b ∈ H j (M ; F) then
where (a
We extend this definition by Λ-linearity to the whole
is given as follows. If a ∈ H i (M ; F) and b ∈ H j (M, ∂M ; F) then
where (a * 3 b) [A] ∈ H i+j−2n+2c 1 (A) (M, ∂M ; F) is given by
GW A ,1,3 (a, b, e i )e
We extend this definition by Λ-linearity to the whole QH * (M, ∂M ) × QH * (M, ∂M ). for any quantum homology classes a ∈ QH k (M ), b ∈ QH 2n−k (M, ∂M ). Moreover, the pairings ∆ 2 and Π 2 are non-degenerate. Since the quantum homology groups are finite-dimensional K G -vector spaces in each degree, it follows that the paring ∆ 2 gives rise to Poincaré-Lefschetz duality over the field K G . Remark 4.7. In general, the intersection product • 1 is degenerate. If it is nondegenerate, the pairings ∆ 1 and Π 1 are also non-degenerate. It happens, for example, when ∂M is a homology sphere. 
